We investigate the small-scale static configurations of K-mouflage models defined by a general function K(χ) of the kinetic terms. The fifth force is screened by the nonlinear K-mouflage mechanism if K ′ (χ) grows sufficiently fast for large negative χ. In the general non-spherically symmetric case, the fifth force is not aligned with the Newtonian force. For spherically symmetric static matter density profiles, we show that the results depend on the potential function W−(y) = yK ′ (−y 2 /2), i.e. W−(y) must be monotonically increasing to +∞ for y ≥ 0 to guarantee the existence of a single solution throughout space for any matter density profile. Small radial perturbations around these static profile propagate as travelling waves with a velocity greater than the speed of light. Starting from vanishing initial conditions or from nearby profiles, we numerically check that the scalar field converges to the static solution, in a smooth manner for low-density unscreened objects and with transient shocks for high-density screened objects. If W− is bounded, for high-density objects there are no static solutions throughout space, but one can still define a static solution restricted to large radii. Our dynamical study shows that the scalar field relaxes to this static solution at large radii, whereas spatial gradients keep growing with time at smaller radii. If W− is not bounded but non-monotonic, there are an infinite number of discontinuous static solutions. However, the Klein-Gordon equation is no longer a well-defined hyperbolic equation, which leads to complex characteristic speeds and exponential instabilities. Therefore, these discontinuous static solutions are not physical and these models are not theoretically sound. Such K-mouflage scenarios provide an example of theories that can appear viable at the cosmological level, for the cosmological background and perturbative analysis, while being meaningless at a nonlinear level for small scale configurations. This shows the importance of small-scale nonlinear analysis of screening models. All Healthy K-mouflage models should satisfy K ′ > 0 and W±(y) = yK ′ (±y 2 /2) are monotonically increasing to +∞ when y ≥ 0.
I. INTRODUCTION
Theories with second order equations of motions involving a single scalar field and a coupling to matter can be subject to three different screening mechanisms whereby the scalar interaction is screened in dense environments [1] . The Vainshtein mechanism [2] , which is present in DGP models [3] and Galileons [4] , was the first to be uncovered and involves models where higher order derivatives appear in the action. The scalar field is screened in regions of space where the local curvature is large enough. The chameleon mechanism [5, 6] involves another type of nonlinearities and plays a role in models where a nonlinear potential can for instance generate the late time acceleration of the expansion of the Universe [7] . Screening takes places where the scalar itself is small compared to the ambient Newtonian potential. Finally, the K-mouflage mechanism [8, 9] is present in models where the Lagrangian involves an arbitrary function K(χ) of the kinetic terms. Screening appears in regions of space where the gravitational acceleration is large enough. The three types of screening have different cosmological properties and lead to different behaviors on the very large scale structures of the Universe. For Galileon models, the background cosmology is defined by a late time attractor [10] . Hence the cosmological configurations converge rapidly to the Λ-CDM paradigm in the recent past of the Universe. Moreover, large clusters of galaxies are screened leading to small deviations of the growth of structure from Λ-CDM, even on the largest scales. On the other hand, for chameleon models such as f (R) [11] , the background follows Λ-CDM [12] and the growth of structure is only sensitive to modified gravity on intermediate quasi-linear scales. Finally, for K-mouflage, the background cosmology [13] shows a host of different behaviors. In particular, for ghost-less models with a polynomial kinetic function, the effective equation of state shows a singularity in the recent past and crosses the Phantom divide. This has no strange effect on the dynamics though, as the Hubble rate squared remains positive definite. Moreover, large galaxy clusters are not screened and can show deviations from Λ-CDM in the halo mass function for instance [13] .
Here we investigate the small-scale static properties of K-mouflage theories. We find that the resulting field configurations depend on a potential W − (y) = yK ′ (−y 2 /2). When this potential is monotonically increasing to +∞ over y ≥ 0, the scalar modification of gravity is attractive and we find that a well-defined scalar-field static profile exists for any matter density profile. Small perturbations around these configurations are travelling waves with a speed greater than the speed of light. We also show that the static profile emerges dynamically as a long-time solution of the dynamical evolution of the scalar field from vanishing initial conditions. This is the case for the cubic interaction model in the kinetic terms, e.g. K(χ) = −1 + χ + χ 3 , with a bounded from below Lagrangian, or the wrong-sign DBI + models presented in [9, 14] . On the other hand, when the potential is bounded or has several extrema, the dynamics are pathological. For bounded potentials, the convergence to a static solution only happens when the object is not screened. When it is screened, i.e. when its size is smaller than its K-mouflage radius, the convergence to a static solution can only be reached at large radii, outside of the K-mouflage radius, while scalar gradients keep growing with time inside the K-mouflage radius. This case corresponds to the DBI − models, which therefore must be altered within the K-mouflage radii of screened objects in order to make sense. When the potential has several extrema, the Klein-Gordon equation is a not a well-defined hyperbolic equation. Instabilities associated to complex characteristic speeds occur and the evolution with time is no longer well defined (as one encounters an elliptic problem that requires boundary conditions at late times, instead of a Cauchy problem).
In Sec.II, we recall the definition and main properties of K-mouflage models. In Sec.III, we describe the nonlinear K-mouflage screening mechanism and spherically symmetric static configurations, as well as the dynamics of radial perturbations. In Sec.IV, we consider generalized static solutions that can still be defined when W − (y) is not monotonically increasing to +∞. In Sec.V, we analyze the dynamics of these configurations and their generation from vanishing initial conditions. In Sec.VI, we summarize the cosmological and static properties of K-mouflage theories. We then conclude. An appendix contains the analysis of the dynamics with top-hat profiles for compact objects while in the main text, this has been investigated using Gaussian profiles.
II. K-MOUFLAGE
A. Definition of the model As in [13, 15] , we consider scalar field models where the action in the Einstein frame has the form
where M Pl = 1/ √ 8πG is the reduced Planck mass, g is the determinant of the metric tensor g µν , and ψ (i) m are various matter fields. The additional scalar field ϕ is explicitly coupled to matter through the Jordan-frame metricg µν , which is given by the conformal rescaling
andg is its determinant. We have already considered various canonical scalar field models in previous works [16, 17] , with L ϕ = −(∂ϕ) 2 /2 − V (ϕ). In this paper, we consider models with a non-standard kinetic term
[We use the signature (−, +, +, +) for the metric.] To focus on the behavior associated with the non-standard kinetic term K, we do not add a potential V (ϕ) or a mixed dependence K(ϕ, χ) on the the field value and the derivative terms. Here, M 4 is an energy scale that is of the order of the current energy density, (i.e., set by the cosmological constant), to recover the late-time accelerated expansion of the Universe. Thus, the canonical cosmological behavior, with a cosmological constant ρ Λ = M 4 , is recovered at late time in the weak-χ limit if we have:
where the dots stand for higher-order terms.
B. Specific models
In [13, 15] , we considered for the coupling function A(ϕ) the simple power laws,
and the exponential limit for n → +∞,
Without loss of generality, we normalize the field ϕ (by the appropriate additive constant) so that A(0) = 1. In fact, in the regime that we consider in this paper, we only need the first-order expansion A(ϕ) ≃ 1 + βϕ/M Pl , so that all coupling functions (5) and (6) coincide for our purposes. The action (1) is invariant with respect to the transformation (ϕ, β) → (−ϕ, −β), therefore we can choose β > 0. For the kinetic function K(χ), we considered in [13, 15] 
and we focused on the low-order cases m = 2 and 3. In this paper, we focus on the case K 0 = 1, m = 3, for numerical applications. In addition, we consider models of the Dirac-BornInfeld ("DBI") type, with a non-standard sign as in [14] ,
and with the standard sign,
C. Equation of motion of the scalar field
The Klein-Gordon equation that governs the dynamics of the scalar field ϕ is obtained from the variation of the action (1) with respect to ϕ. This gives [13, 15] 
where ρ E = −g µν T µν is the Einstein-frame matter density, and we note with a prime K ′ = dK/dχ. In the limit where the metric fluctuations Ψ are small, Ψ ≪ c 2 , which applies to cosmological and galactic scales, this reads as
2 , where we use comoving coordinates and ρ = A −1 ρ E is the conserved matter density [13, 15] . The cosmological evolution associated with K-mouflage models was studied in previous papers of this series, for both the background dynamics [13] and the formation of large-scale structures [15] . In this paper, we are interested in the small-scale nonlinear regime where screening mechanisms come into play and lead to a convergence back to General Relativity for galactic and astrophysical systems (e.g., the Solar System). Then, going to physical space coordinates, r = ax, considering time scales that are much smaller than the cosmological time scale [i.e., a(t) is almost constant and H =ȧ/a ≈ 0] and densities that are much greater than the mean universe density, the Klein-Gordon equation (11) becomes
where we have explicitly written the factors of c 2 . On the right-hand-side of Eq.(12) we have used the approximation A(ϕ) ≃ 1 + βϕ/M Pl , which holds for the power-law and exponential models (5)-(6) as long as β|ϕ|/M Pl ≪ 1. From Eq. (12) , this corresponds to the regime
whereρ is the mean universe matter density and r H = ct H is the Hubble radius. The K-mouflage models that we consider typically have β 1 and K ′ 1 on the positive branch, χ > 0, to satisfy cosmological constraints [13, 15] . For generic cases, K ′ remains of order unity or greater on the negative branch, χ 0 < 0, where we focus on small-scale static configurations. Thus, the ratio . Therefore, the condition (14) is satisfied in all cases of interest considered in this paper, from planets to galaxies and clusters, and we can truncate the function A(ϕ) to the first order term A(ϕ) ≃ 1+βϕ/M Pl .
D. Poisson equation
The Einstein-frame metric potential Ψ N is given by the modified Poisson equation [15] 1
where
′ is the scalar field energy density. In this paper we focus on small nonlinear scales, associated with galactic or astrophysical objects. In this regime, using the property (14) , hence |A − 1| ≃ β|ϕ|/M Pl ≪ 1, we can write δρ E ≃ δρ ≃ ρ, as we consider high density objects with ρ ≫ρ. At low redshifts, we also haveρ ϕ ≃ M 4 ∼ρ. If χ and K remain of order unity, we have ρ ϕ ∼ρ ϕ ∼ρ. If χ ≪ −1, i.e. we are in the nonlinear static regime of the Klein-Gordon equation (12), we obtain:
where we used Eq. (14) . Therefore, in the small-scale high-density regime the Poisson equation simplifies and we recover the standard form
E. Euler equation
The pressureless Euler equation which describes the dark matter flow on large cosmological scales reads as [15] 
where τ = dt/a is the conformal time, H =ȧ = d ln a/dτ the conformal expansion rate, and v = aẋ the peculiar velocity. Going to physical coordinates in the small-scale regime, and considering time scales that are much smaller than the cosmological time scale, this yields
where we have explicitly written the factors of c 2 and we have used the property (14) . Here u = v + Hr =ṙ is the physical velocity.
III. THE K-MOUFLAGE MECHANISM

A. Static case
In the static case, the Klein-Gordon equation (12) becomes
, and the comparison with the Poisson equation (17) gives the relation
where ω is a divergence-less potential vector (which must be determined along with ϕ). In general configurations, ∇ r ϕ K ′ is not curl-free (because of the spatial dependence of K ′ ) and ω is nonzero. However, in special configurations it can be shown to vanish. In particular, this is automatically the case in spherically symmetric systems, which we study in Sec. III B below, as ∇ r × [ω(r)e r ] = 0. In the general case, we obtain from Eq.(21) the relation
Let us briefly consider the case of a localized nonlinear fluctuations. On large scales, far from the central nonlinearities, the gravitational force ∇ r Ψ N vanishes as 1/r 2 . Then, for models that have the low-χ expansion (4), we are in the linear regime with:
using the boundary conditions ϕ → 0 and Ψ N → 0 at infinity. Next, we can solve Eq.(21) for ∇ r ϕ as a perturbative expansion over Ψ N . Because χ ∝ (∇ r ϕ) 2 , only oddorder terms are nonzero. The first order term is given by Eq.(23), and at third order we obtain that ∇ r ϕ (3) and ∇ r × ω (3) are the potential and rotational parts of
2 . The fifth force, which can be read from Eq. (19) , is
The K-mouflage screening mechanism relies on the fact that in the nonlinear regime the factor K ′ can be large, which suppresses the fifth force as compared with the Newtonian gravity,
This also applies to the rotational part, since from Eq.(22) we have the scaling |∇ r × ω| ∼ |∇ r Ψ N |.
In the general case (i.e., when the density field is not spherically symmetric), Eqs.(21) and (24) imply that the gradient of the scalar field, ∇ r ϕ, and the fifth force, F ϕ ∝ ∇ r ϕ, are not aligned with the Newtonian force ∇ r Ψ N . This is because the relationship (21) between ∇ r ϕ and ∇ r Ψ N involves an additional divergence-less field ω that arises from the rotational part of ∇ r Ψ N /K ′ .
B. Static spherical profile
We are interested in the dynamics of test objects in the background of a denser and compact body. This body could be a star, a galaxy or a gas cloud. For simplicity, we restrict ourselves to spherical configurations, so that the solenoidal term ∇ r × ω in Eq.(21) vanishes. We consider a spherical matter distribution ρ(r) with the mass profile
The Klein-Gordon equation (20) gives, using Stokes theorem,
As in [13, 15] , we define a "K-mouflage screening radius"
where M = M (R) is the total mass of the object of radius R. Then, introducing the rescaled dimensionless variables
the integrated Klein-Gordon equation (26) reads as
Then, it is convenient to define the potential function W − (y), which will play a crucial role in the following, by
(where the subscript "-" recalls the minus sign in the argument of K ′ ), so that Eq.(29) becomes
If the kinetic function K(χ) obeys the weak-χ behavior (4), we have
where the dots stand for higher-order odd terms. The standard kinetic term corresponds to W − (y) = y without nonlinear corrections, which describe the distinctive Kmouflage nonlinear features. For a given matter profile m(x), Eq.(31) provides the radial profile of the scalar field φ(x). More precisely, assuming this equation can be inverted, it yields the first derivative dφ/dx = W
2 ) at all positions x, hence φ(x) using the boundary condition φ(∞) = 0 at infinity, in the vacuum far from the finite-size object. In particular, using the low-y expansion (32), we obtain at large distances [by definition m(x) = 1 for x > R/R K ]:
(33) In the standard case, where W − (y) = y, this solution is exact down to x = R/R K . Since we consider an object with a finite central matter density, we have m(x) ∝ x 3 for x → 0, and we obtain the small-radius behavior:
where φ 0 is the value of the scalar field at the center. 
This function W − (y) is defined over the full real axis, it is monotonically increasing, and it goes to +∞ for y → +∞. Then, the scalar field derivative dφ/dx = y can take arbitrarily large values. Alternative models of the same class, with a monotonically increasing W − (y) up to +∞ over y ≥ 0, correspond to cases where W − (y) diverges at a finite value y − > 0. An example is provided by the DBI-like model (8) studied in [14] , with a nonstandard sign. It corresponds to W − (y) = y/ 1 − y 2 , which is monotonically increasing up to +∞ over 0 ≤ y < 1. Then, the scalar field derivative dφ/dx cannot be greater than 1 (which also shows at once that the fifth force becomes negligible as compared with Newtonian gravity in strong gradient regimes).
When the function W − (y) is not monotonically increasing up to +∞ over some range [0, y − [ with y − > 0 (including the case y − = +∞), there is no unique welldefined continuous solution. In particular, for sufficiently dense objects, if W − (y) is bounded there is no solution that applies at all radii, whereas if W − (y) is unbounded but not monotonic there are infinitely many discontinuous solutions. We postpone the analysis of these cases to Sec. IV A below. Therefore, the condition for a well defined and unique scalar field profile for any matter overdensity is 
over the range χ − < χ ≤ 0, where χ − = −y 2 − /2 is either finite or −∞. The property K ′ > 0 comes from the fact that starting at K ′ = 1 at x → ∞ and χ → 0, K ′ cannot change sign nor vanish as we move closer to the object while W − increases as m(x)/x 2 because of the definition (30) (i.e., W − cannot go through zero as it is always strictly positive).
C. Corrections to Newton's law
We now focus on the simple case where Eq.(31) has a unique well-defined solution, which corresponds to the models (35), or more generally to models where W − (y) is monotonically increasing up to +∞ over an interval [0, y − [. We discuss the corrections to Newton's law to check how the nonlinear K-mouflage screening mechanism provides a convergence back to GR (or Newtonian gravity) on small astrophysical scales. A test particle outside the dense body evolves according to the non-
For a spherical body we can consider radial trajectories and the scalar field gradient is given by Eq.(29), which can also be written as
Outside the spherical body we have m(x) = 1 and we obtain in agreement with Eq.(24)
which gives the equation of motion
This corresponds to an effective Newtonian constant
that depends on the distance from the central object.
From the analysis of Sec. III B and Eq.(33), we can see that for r ≫ R K and r > R we have dφ/dx = y ∼ 1/x 2 ≪ 1 and K ′ ≃ 1. Therefore, at large distance beyond the K-mouflage radius (27) we find an increase of Newton'gravity by the constant multiplicative factor 1 + 2β
2 . Within the K-mouflage radius R K , where y 1, K ′ becomes sensitive to the nonlinear corrections associated with the nonstandard form of the kinetic term. In particular, if K ′ ≫ 1, as in the models (35), the deviation from Newton's force is suppressed by the factor 1/K ′ and we recover Newtonian gravity. This nonlinear "Kmouflage screening" ensures the convergence to GR for small and dense sub-galactic and astrophysical systems and allows the models to satisfy observational constraints from the Solar System or dwarf galaxies. In particular, this means that for negative χ the derivative K ′ must become large enough to provide the required screening. Thus, the screening criterion is
(44) It is interesting to note that the constraint arising from Eq. (43) is generically stronger than the requirement of a unique well-defined scalar field profile for any matter density profile, studied in Sec. III B. Indeed, to obtain an efficient screening we must have K ′ > K Explicitly, for the models defined by (7) with the constraints (35), where the scalar field profile is unique and well defined for any matter density profile, we find that r > R and r ≪ R K :
inside the K-mouflage radius, and therefore the correction to Newton's law converges to zero well inside the K-mouflage radius (and outside of the central object).
D. Screening of astrophysical and cosmological objects
Screening of astrophysical objects can be easily identified by requiring that the radius R of the object is smaller than its K-mouflage radius R K , see also Eq.(44). From Eq.(27), we obtain at z = 0,
where R H0 = c/H 0 is the Hubble radius and 1 + δ = ρ/ρ 0 is the matter overdensity (we assume δ ≫ 1). This gives the screening condition screening:
(47) In the last two expressions, we expressed the screening condition as a lower bound on the object radius, for a given density, or a lower bound on the density, for a given radius. This criterion agrees with the criterion obtained in Eq.(23) of [13] for large-scale cosmological structures. More generally, this screening criterion is a condition on the product (ρR), hence M/R 2 ∼ |∇Ψ N |, that is, the strength of the Newtonian gravitational force, in agreement with the discussion in Sec. II.C of Ref. [13] .
Let us first consider typical astrophysical objects, such as stars, planets or asteroids, with a density of the order of ρ ∼ 1 g.cm −3 , hence δ ∼ 3.6 × 10 29 . This yields R ≫ 0.035β −1 cm. Since we typically have β ∼ 0.1, this means that all astrophysical objects are far in the screened regime. Moreover, dust grains throughout the Solar system, such as Saturn rings, are screened by the Sun (i.e., "blanket screening" by a nearby massive object). Indeed, the Solar System up to Neptun's orbit gives δ ∼ 2 × 10 18 and R/R H0 ∼ 3.5 × 10 −14 , hence βRδ/R H0 ∼ 7 × 10 4 β ≫ 1. For the Milky Way, taking R ∼ 15kpc and M ∼ 10 12 M ⊙ , we obtain βRδ/R H0 ∼ 7β ∼ 1. This means that outer regions of the Galaxy, where (ρR) decreases as compared with the value at 15kpc, are unscreened, whereas inner regions, where (ρR) increases somewhat, are screened. Therefore, typical galaxies probe the transition between the screened and unscreened regimes, whereas dwarfs should be mostly unscreened. Thus, galaxies are promising objects to constrain such Kmouflage models.
Finally, let us consider clusters of galaxies. With R ∼ 1Mpc and δ ∼ 200, we obtain βRδ/R H0 ∼ 0.05β ≪ 1, which means that outer regions down to the virial radius are unscreened. This agrees with the analysis of Ref. [15] , where we noticed that large-scale cosmological structures are unscreened and in the linear regime for the scalar field sector [i.e., even though the matter density contrast can be in the mildly nonlinear regime, the Klein-Gordon equation (11) can be linearized over ϕ]. However, cluster cores would probe the screened regime and the nonlinear part of the kinetic function K(χ).
E. Spherical waves
We can now study the dynamics of scalar field perturbations on the spherical background obtained in Sec. III.
When we consider radii outside of the object, that is, in the vacuum (i.e., the matter density is zero throughout space at r > R, but the background scalar field ϕ is not zero), we can study local scalar field perturbations at fixed vanishing matter density (hence there are no coupled local matter density perturbations). We focus on spherically symmetric fluctuations and we investigate their linear stability. Thus, writing the scalar field as ϕ(r, t) =φ(r) + δϕ(r, t),
whereφ is the static spherical solution of Eq.(26) obtained in Sec. III B, and linearising the Klein-Gordon equation (12), we obtain
whereχ andK are the spherical background quantities. This is a hyperbolic partial differential equation, which reduces for short wavelengths to the wave equation
with the position-dependent propagation speed
dy (ȳ) and we have used the definition (30). The ratio c s /c is formally the inverse of the one obtained in the uniform time-dependent cosmological background [13] . However, the background valuesK ′ andχ are different and bear no relations. Indeed, in the cosmological context we only probe the part χ > 0 of the kinetic function K(χ) whereas in the regime studied in this paper, and in Eq.(51), we have χ < 0.
For the models such as (35), where W − (y) is monotonically increasing up to +∞ over [0, y − [ and there is a unique well-defined scalar field profile, we haveW
s is positive and Eq.(50) gives rise to travelling waves. Thus there are no spherical instabilities at the linear level. More generally, the condition for linear stability is automatically satisfied once the conditions for a well-defined static profile are verified, see Eqs.(37) and (38):
over the range χ − < χ ≤ 0, 0 ≤ y < y − . At large radius r → ∞, where we haveχ → 0 and the expansion (4), we obtain c s → c. At finite radius, sinceχ < 0, the propagation speed is smaller than the speed of light ifK ′′ > 0, and greater ifK ′′ < 0. For the explicit models (35) we haveK ′′ < 0 hence c s > c. More generally, if we consider non-polynomial functions K(χ) with a power-law behavior at large negative χ, we have
where m is not necessarily integer. Then, the requirement for small-scale high-density screening (43) implies m ≥ 1, which also ensures that W − (y) ∼ y 2m−1 is monotonically increasing up to +∞, and c s ≥ c. Therefore, simple K-mouflage models that can accommodate arbitrary matter density profiles and display nonlinear screening have propagation speeds greater than the speed of light for scalar field perturbations.
IV. GENERALIZED SOLUTIONS
A. Cases where W−(y) cannot be inverted
As described in Sec. III B, when the function W − (y) defined by Eq.(30) is monotonically increasing up to +∞ over 0 ≤ y < y − , where y − can be finite or +∞, Eq.(31) can be inverted and we obtain a well defined static profile for the scalar field for any matter density profile. This is no longer possible when W − (y) is not monotonically increasing up to +∞. Two different cases can be encountered, depending on whether W − (y) is bounded or not.
No solution when W−(y) is bounded
The first case where W − (y) is not monotonically increasing up to +∞ corresponds to functions W − (y) that are bounded, with |W − (y)| ≤ W max for all y ≥ 0 [because W − (y) is an odd function of y, it is sufficient to consider the range y ≥ 0]. Then, for high-density objects where m(x)/x 2 can reach values beyond W max , no solution can be found to Eq.(31) and there exists no static scalar field profile that is valid throughout space. However, at small and large radii, where the Newtonian gravitational force is small enough [i.e., m(x)/x 2 is below the maximum W max ], one can still define a local static profile, that is, a local solution to Eq.(31).
Thus, kinetic functions K(χ) that enter this class cannot provide realistic models, or they are incomplete and one must add higher-order corrections that ensure a better behaved W − (y), so as to provide a well defined static profile for the scalar field for any matter density profile and at all radii.
Infinite number of discontinuous solutions when W−(y)
is not bounded and non-monotonic
The second case where W − (y) is not monotonically increasing up to +∞ corresponds to functions W − (y) that are not bounded, so that at each radius one can always find at least one solution y(x) to Eq.(31), but W − (y) is not monotonically increasing over y ≥ 0. Then, for highdensity objects, starting from x → +∞ and y ≃ 1/x 2 , as we move closer to the object and m(x)/x 2 increases, we meet the first local maximum y
max of W − (y) at some point x 1 . We can extend the solution y(x) to smaller radii by allowing for discontinuous solutions y(x), with y(x If W − (y) → −∞ on the positive axis y ≥ 0, we eventually need to jump to the negative axis y < 0 to find an interval where W − (y) → +∞, which provides a solution for any matter density profile. A negative y also implies a negative K ′ from Eq.(30), because W − = m(x)/x 2 is always strictly positive. This means that the fifth force decreases Newtonian gravity, that is, the effective Newton's constant is smaller than G (or negative) from Eq.(43).
These solutions are not unique and we can actually build an infinite number of them. Indeed, instead of jumping at position x 1 when we reach the local maximum W
(1) max , we could have chosen to make the jump at any slightly larger radius
To ensure the linear stability of such solutions with respect to radial perturbations, we can see from Eq.(51) that we must always have yW 
B. Steady-state solutions
In the previous sections we considered the static solutions of the Klein-Gordon equation (12) , given by Eqs. (20) or (26). However, for a static density profile it is possible to find more general "steady-state" solutions for the scalar field, of the form:
where the time-independent functionφ obeys
(55) Thus, the scalar field shows a linear time dependence, with a space-independent pre-factor, in addition to the time-independent but space dependent partφ. Because the kinetic variable χ in Eq.(13) only involves first-order derivatives, the Klein-Gordon equation (55) does not show any time dependence, even though the field ϕ includes a linear time-dependent term. Moreover, the fifth force, which is set by −∇ r ϕ as in Eqs. (19) and (39), is also time-independent.
Then, for a given static density profile ρ(r) we can build an infinite number of steady solutions, parameterized by the constant ν. In particular, in the cases where
now find an infinite number of solutions by choosing large values of ν 2 , if the derivative of the kinetic function K ′ (χ) goes to +∞ on the positive semi-axis χ > 0, which is required to obtain a realistic cosmology up to high redshifts [13, 15] .
However, the steady-state solutions (54) are not reached in practice. Indeed, because the constant ν cannot depend on space the time-dependent part νt extends over all space and it cannot match the boundary condition ϕ → 0 for |r| → ∞. This problem becomes more apparent if we consider two (or more) matter overdensities separated by a large distance r. As r becomes very large, we would like the scalar field solution around each source to converge to its spherically symmetric solution. This is possible for the solutions described in Sec. III B, where the matching between the two solutions is made possible by the common limit ϕ → 0 at infinity. In contrast, for the solutions (54) the matching would require identical values of ν. This means that a solution of this class can only be reached after infinite time, when the system has had time to relax over all space, or that it is made up of several domains with different values ν i joined by discontinuity fronts that must be moving. Then, this no longer yields a time-independent fifth force because of the Dirac component along the moving domain boundaries and this no longer provides a static force field.
Therefore, only the truly static case with ν = 0 corresponds to a physical solution and the more general solutions (54) cannot be used to obtain physical solutions in the case where the function W − (y) introduced in Eq.(30) is not increasing up to +∞.
V. DYNAMICS AND RELAXATION OF THE SCALAR FIELD PROFILE
A. Characteristics
To check whether the solution with ν = 0 is indeed reached by the system, and what the obtained behavior is in cases where there is no well-defined static solution [i.e., W − (y) is not monotonically increasing up to +∞], we consider in this section the relaxation of the scalar field profile. To study the evolution with time of the scalar field, within a fixed matter density background, we must solve the Klein-Gordon equation (12) . For a spherically symmetric density profile this also writes as
For an object of mass M , making the same changes of variables as in Eq.(26) in terms of the K-mouflage radius
with
This is a quasilinear second order equation because by expanding all terms we can see that the second-order derivatives only appear linearly in the partial differential equation.
It is convenient to transform the second-order equation (58) as a system of two first-order equations, by introducing
which gives
where The expanded form reads as the quasi-linear first-order system
This system can be analyzed by the method of characteristics. The two trajectory characteristics are
and we have the two evolution equations along both sets of characteristics
Equations (63)-(64) form a first-order hyperbolic system when the characteristic speeds c ± are real and an elliptic system when they are complex. Therefore, to obtain a well-defined Cauchy problem, that is, the evolution of the scalar field can be obtained from an initial condition by solving these differential equations forward in time, the argument of the square root in Eq.(65) must always remain positive. If this is not the case, that is, at some time we obtain a negative argument over some interval in x, we can no longer solve the evolution of the scalar field at later times as we obtain an elliptic problem that requires boundary conditions over all boundaries (unless this domain closes at a later finite time and we can solve the left and right boundaries from the hyperbolic domains). For the standard kinetic term, where K ′ = 1 and K ′′ = 0, the characteristic speeds are constant with c ± = ±1 and we obtain a simple Cauchy problem.
If we start from the static profiles described in Sec. III B, given by Eq. 
where we used the property K ′ > 0 (to ensure a well defined static profile and to avoid a divergent fifth force, see Sec. III). Since we also have W ′ − ≥ 0 we obtain a well-defined Cauchy problem for the evolution close to this static profile. Moreover, we obtain c More generally, to ensure the hyperbolicity of the differential equation (58) for any initial condition and at any time, we must have K ′ (K ′ + 2χK ′′ ) ≥ 0 for all values of χ, both on the negative and positive semi-axis. If we consider models where K ′ ≥ 0, to avoid ghosts in the cosmological regime χ > 0, and to ensure a well defined profile in the static regime χ < 0, this condition reads as K ′ + 2χK ′′ ≥ 0 over the whole real axis for χ. This is in fact the only possibility. Indeed, if we only require that the product K ′ (K ′ + 2χK ′′ ) remains positive, starting from K ′ = 1 at χ = 0, we can see that K ′ and K ′ +2χK
′′ must vanish at the same point χ 0 if K ′ can change sign. Then, writing
2n−1 which changes sign at χ 0 and does not satisfy the positivity constraint. Therefore, the hyperbolicity condition reads as hyperbolicity:
for all values of χ, from χ − to χ + where χ ± may be finite or ±∞, depending on the domain of definition of K(χ).
As could be expected, this is a stronger constraint than the condition for a well-defined static profile and stable fluctuations, which only read as K ′ + 2χK ′′ ≥ 0 over the negative real axis χ − < χ < 0, see Eqs.(38) and (52).
For nonstandard kinetic functions K(χ) the characteristic speeds c ± are not constants and two different characteristics of the same set may cross, leading to the formation of shocks. Then, from the flux-conservative form (61)-(62), across a shock at position x s (τ ) moving at speed dx s /dτ , we have the discontinuity conditions
which implies
where we noted [X] = X(x + s ) − X(x − s ) the discontinuity of a quantity X through the shock. In particular, if the shock is motionless u and vK ′ are continuous. The continuity of u through motionless shocks implies that several steady-state solutions of the form (54) with different values of ν cannot be patched over time-independent domains.
B. Relaxation when W−(y) monotonically increases
to +∞ over 0 ≤ y < +∞
As an example of a nonstandard kinetic function K(χ) such that W − (y) is monotonically increasing up to +∞, so that there is a unique well-defined static solution for any matter density profile, which is also linearly stable to radial fluctuations, we consider the model (7) with K 0 = 1 and m = 3,
We also consider the Gaussian matter density profiles
which read in terms of the dimensionless variables x and η, as
Here, R is the characteristic radius of the overdensity. For a large ratio R/R K ≫ 1, the dimensionless overdensity has a small amplitude η(0) ≪ 1 and a wide characteristic size x ∼ R/R K ≫ 1, and we are in the unscreened weak field regime, with |χ| ≪ 1 and K ′ ≃ 1. For a small ratio R/R K ≪ 1, we have a high amplitude η(0) ≫ 1 and small size R/R K ≪ 1, and we are in the screened strong field regime, with |χ| ≫ 1 and K ′ ≫ 1. As can be read from Eqs.(61)-(62), in agreement with Eq.(29), the static profile is given by:
In Fig. 1 we plot the evolution with time of the fields u(x, τ ), v(x, τ ), and c ± (x, τ ), for the Gaussian matter profiles (73) with R/R K = 0.5 and R/R K = 1.5, starting with the initial condition u = v = 0 at τ = 0. In both cases, we find that the scalar field relaxes to the static solution (74). At large distance, the matter density and the scalar field vanish and we recover the weak field limit, with characteristic speeds c ± = ±1.
For small values of R/R K (left panels), associated with high overdensities η and the nonlinear screened regime, we probe the nonlinearities of the kinetic function K. Then, the time and spatial gradients u and v of the scalar field are large (of order unity or greater) and the characteristic speeds c ± significantly depart from ±1. As usual for nonlinear transport equations, this gives rise to shocks at small radii, in the nonlinear regime. This is most apparent in the lower left panel that displays the characteristic speeds c ± . At late times, these transient shocks disappear as the scalar field relaxes to the static solution. The static-state characteristic speeds (67) still show significant departures from ±1 but are smooth functions of space.
For large values of R/R K (right panels), associated with low overdensities η and the linear unscreened regime, we mostly probe the linear part of the kinetic function K and nonlinearities are very weak. Then, the time and spatial gradients u and v of the scalar field are smaller than unity and the characteristic speeds c ± always remain close to ±1. Then, no shocks appear and the relaxation towards the static solution proceeds in a very regular manner.
We also checked that the scalar field relaxes to the static profile if we start from another initial condition, such as the static solution for another value of R/R K that is greater by a factor of 1.1 than the true one. Because this initial condition is closer to the final state the relaxation is faster than the one shown in Fig. 1 where we start from a far-away state.
C. Relaxation for the DBI
+ model: W (y) monotonically increases to +∞ over 0 ≤ y < y− with a finite y−
We now consider the case of the "DBI + " model (8) [14] , where
(75) This is an example of the cases where the function W − (y) is again monotonically increasing up to +∞, hence there is a well defined static profile, but y − is finite (here y − = 1), which implies that the scalar field spatial gradients are bounded. We again consider the Gaussian matter profiles (73), but with R/R K = 1 and 1.5, in Fig. 2 .
Because of the divergence of W − (y) at the upper bound y − = 1 the nonlinearities are stronger than in the polynomial case studied in Sec. V B and appear at greater values of R/R K . Nevertheless, we obtain the same qualitative behavior as for the polynomial kinetic function (71). In both cases the scalar field relaxes to the static profile (74). For large values of R/R K , in the unscreened linear weak-field regime, the time evolution is regular and the characteristic speeds c ± always remain close to ±1. For small values of R/R K , in the screened nonlinear strongfield regime, the time evolution is much more violent with transient shocks and characteristic speeds that significantly depart from ±1. In particular, as for the polynomial case displayed in left panels of Fig. 1 , for small ratio R/R K the transient states show much stronger field gradients than the final static state and the relaxation does not proceed in a uniform manner (at small radii the field gradients significantly "overshoot" the static gradients whereas at large radii they smoothly converge to the static value). This means that the evolution is more sensitive to the nonlinear regime than could be expected from the static state. Finally, we consider the case of the "DBI − " model (9) , where This is an example of the cases where the function W − (y) is monotonically increasing but shows a finite upper bound. As seen from the analysis in Secs. III B and IV A 1, this means that for low overdensities, where we probe the linear regime of the kinetic function, we find a well defined static profile, but for high overdensities, where the right-hand side in Eq.(31) can reach values that are greater than the maximum of W − (y), there is no static solution that is valid throughout all space. We again consider the Gaussian matter profiles (73), with R/R K = 0.5 and 1.5, and we display the time evolution in Fig. 3 .
For large values of R/R K (right panels), in the weak field regime where we do not probe the upper bound of W − (y), we obtain the same qualitative behavior as for the polynomial kinetic function (71). In both cases the scalar field relaxes to the static profile (74) through a regular time evolution and the characteristic speeds c ± always remain close to ±1.
For small values of R/R K , in the screened nonlinear strong-field regime, we are sensitive to the upper bound of W − (y). Then, on intermediate scales r ∼ R, where the ratio m(x)/x 2 (which is also given by the Newtonian force) is the greatest, there is no solution to the static equation (31). Thus, the static gradient solution v static (x) shown in the middle left panel is only defined over the two intervals [0, x − [ and ]x + , +∞[, with v(x) = y(x) → ∞ for x → x ± . From Eq.(67), on the static profile the characteristic speeds are c ± = ±1/ 1 + y 2 and c ± (x) → 0 for x → x ± . Then, we can see on the left panels in Fig. 3 that the scalar field relaxes to the static profile on the outer interval ]x + , +∞[, while it never reaches a static state at smaller radii x < x + , including in the inner region [0, x − [ where a static profile could be defined. As could be expected, the scalar field spatial gradient v(x, τ ) keeps increasing at radii x x + , in the endless attempt to find large-enough values of W − to satisfy Eq.(31), and the time derivative u(x, τ ) does not converge to zero. At small radii we have u(x) ≃ −1 because the spatial derivative v(x) vanishes for x → 0 and χ = (u 2 − v 2 )/2 is bounded from above by 1/2, as seen from the definition (76) of the DBI − kinetic function. Again, the nonlinearities lead to the formation of shocks, which remain present at late times in the inner region below x + where there is no convergence to a static state.
The convergence towards the static solution in the outer range x > x + means that if we restrict to outer radii this DBI − model provides a well defined static limit and is a predictive model. However, the model is not completely predictive in the inner range x < x − because of the runaway behavior, which depends on the initial conditions (e.g., the time of formation of the matter overdensity and the initial scalar field state). Because the gradients are large in this regime the fifth force is typically suppressed by the factor 1/K ′ but since there is a crossover from the outer spatial part where χ < 0 to the inner time-like part where χ > 0 there exists a thin shell where the fifth force would be large and even divergent.
Alternatively, we can assume that for large gradients the expression (76) is no longer correct and higher-order contributions come into play that enable the relaxation towards a static solution. The results shown in Fig. 3 suggest that this would only regularize the inner region 0 ≤ x ≤ x + while keeping unaffected the outer region x > x + , where the scalar field would remain on the static solution given by the "low-gradient" approximation (76). In this framework, our results suggests that there would be an efficient separation of scales, so that on large scales far from overdensities, in the moderate nonlinear regime, the scalar field can be described by the 'low-gradient" kinetic function (76), whereas close to high-density objects one must either go beyond the quasistatic approximation (at the expense of some loss of predictivity, because of the dependence on the details of the initial conditions) or introduce a higher-order regularisation.
E. Models with
We do not consider models where K ′ or W ′ − can reach negative values. Indeed, this yields complex characteristic speeds at some point during the time evolution, see Eqs. (65) and (67), and the system is no longer hyperbolic. This means that the discontinuous solutions found in Sec. IV A 2 are not physical and must be disregarded.
We consider such models of K(χ) badly behaved and unrealistic for physical applications.
F. Top-hat matter density profiles
We show in Appendix A our results for the relaxation of the scalar field when the matter profile is a fixed tophat. We consider the same three kinetic functions as in Secs. V B, V C, and V D.
We always find similar behaviors to the cases of the Gaussian matter profiles (72), with a relaxation towards the static solution when it exists. When the static solution only exists on two disjoint intervals [0, x − [ and ]x + , +∞[, we again find that the scalar field converges to the static solution on the outer range. When the size of the object is greater than its K-mouflage radius, R R K , we probe the unscreened weak field regime and the relaxation to the static solution proceeds in a regular manner, with characteristic speeds c ± that remain close to ±1. When the size of the object is smaller than its Kmouflage radius, R R K , we probe the screened strong field regime and the relaxation to the static solution proceeds in a violent manner, with transient shocks (which are not necessarily located at the radius R of the object) and characteristic speeds c ± that show significant departures from ±1.
VI. A SUMMARY OF K-MOUFLAGE PROPERTIES
We summarize below the main properties of Kmouflage models that we have obtained, both for the background cosmology studied in [13, 15] and for the small-scale screening regime described in this paper. We first describe power-law and DBI-like models, and next give the general results that we have obtained. The constraint m > 1 arises from the requirement thatρ ϕ ≪ρ at early times (i.e., we recover the matterdominated Einstein-de Sitter expansion).
• At early times, the background field satisfiesφ < 0 andφ < 0,ρ ϕ > 0,ρ eff ϕ < 0. More precisely, at t ≪ t 0 far in the matter dominated era, we havė
• The effective equation of state parameter has w eff ϕ < −1 at low redshift.
• There are no ghosts (becauseK
• The formation of large-scale cosmological structures is enhanced.
K(χ) ∼ K0χ
m with K0 < 0 and m > 1
• At early times, the background field satisfiesφ > 0
• The effective equation of state parameter has w eff ϕ > −1 at low redshift.
• There are ghosts, which makes the model very contrived.
• The formation of large-scale cosmological structures is suppressed.
DBI + model
From K(χ) = √ 1 + 2χ−2 we find that the background Klein-Gordon equation can be integrated aṡ
Because the left-hand side is bounded, this model cannot apply to high redshifts, where the background matter density grows asρ ∼ t −2 . Therefore, one must either disregard this model or include higher-order corrections to the kinetic function K(χ). This shortcoming is related to the constraint m > 1 found for generic power-law behaviors K(χ) ∼ χ m at χ → +∞.
DBI − model
From K(χ) = − √ 1 − 2χ we find that the background Klein-Gordon equation can be integrated aṡ
The left-hand side goes to −∞ forφ → −M 2 , hence this model can be extended up to any redshift.
• At early times, the background field satisfiesφ < 0, ϕ < 0, andρ ϕ > 0. More precisely, at t ≪ t 0 we haveφ
B. Small-scale properties along χ < 0
K(χ) ∼ K0χ
m with K0 > 0 and m odd, or K0 < 0 and m even, so that K ′ > 0
• The function W − (y) is monotonically increasing up to +∞ over 0 ≤ y < +∞ and there is a unique well-defined static scalar field profile for any static matter density profile.
• The fifth force amplifies Newtonian gravity. It is screened within the K-mouflage radius as K ′ → +∞ for χ → −∞.
• The propagation speed of scalar field fluctuations in the vacuum, around a spherically symmetry object, is greater than c, and the static scalar field profile is linearly stable to radial fluctuations.
• Starting from a null initial condition, or a different profile, the scalar field relaxes to the static profile. The evolution is regular for matter overdensities with a radius R that is greater than the K-mouflage radius R K , whereas transient shocks appear when R R K .
2. K(χ) ∼ K0χ m with K0 < 0 and m odd, or K0 > 0 and m even, so that K ′ < 0
• The function W − (y) is not monotonically increasing up to +∞ over y > 0. It has a maximum over [0, +∞[ and goes to −∞ for y → +∞. There is no continuous static scalar field profile for high-density matter profiles. One can build an infinite number of discontinuous static profiles, by patching together disjoint intervals of y.
• The hyperbolicity of the partial differential equations that govern the dynamics of the scalar field is not guaranteed, and it generically breaks down in the nonlinear regime and for high-density matter profiles. This means that in general the evolution with time of the system is not well-defined (this is no longer a Cauchy problem but an elliptic problem that requires boundary conditions at late times). Thus, the discontinuous static solutions that can be built are not physical.
Therefore, one must either disregard these models or include higher-order corrections to the kinetic function K(χ).
DBI
+ model
• The function W − (y) is monotonically increasing up to +∞ over 0 ≤ y < y − , where y − is finite, and there is a unique well-defined static scalar field profile for any static matter density profile. The spatial gradients of the scalar field in any static state have a finite upper bound set by y − .
• The fifth force amplifies Newtonian gravity. It is screened within the K-mouflage radius as
DBI − model
• The function W − (y) is monotonically increasing up to a finite maximum W max over 0 ≤ y < +∞. For low-density matter fluctuations there is a unique well-defined static scalar field profile, but for highdensity matter profiles a static solution can only be defined on separated inner and outer regions, [0, r − [ and ]r + , +∞[.
• The fifth force amplifies Newtonian gravity. It is not screened within the K-mouflage radius as K ′ → 0 for χ → −∞. In fact, the fifth force becomes much greater than the Newtonian force in the nonlinear regime (until the model becomes illdefined).
• For moderate matter overdensities, where a static scalar field profile exists, the scalar field relaxes to the latter. For high matter overdensities, where a static profile can only be defined over 0 ≤ r < r − and r > r + , the scalar field only relaxes to the static profile on the outer region r > r + . On smaller radii, the amplitude of the scalar field gradients keeps increasing with time and no static solution can be reached.
C. Healthy K-mouflage examples
Finally, quantum mechanically, the theories with monomials in χ m that appear with negative coefficients, viewed as low energy effective theories, cannot be embedded in a UV completion of the theory which satisfies the analyticity of the S-matrix [18] . Hence only theories with odd powers of χ and K 0 > 0 are free of all these pathological behaviors.
More generally, avoiding ghosts requires K ′ > 0 for χ > 0, while obtaining a realistic small-scale behavior with efficient screening requires K ′ > 0 for χ < 0, with a sufficiently large value of K ′ at large negative χ. To obtain a continuous and well defined cosmological behavior up to high redshift, the background KleinGordon equation, which reads in the matter-dominated era as
(where we made the approximation dA/dϕ ≃ β/M Pl ) must admit a continuous solution. This requires that W + (y) ≡ yK ′ (y 2 /2) increases monotonically to +∞ over y > 0, with y = −φ/M 2 (where the subscript "+" in W + recall the plus sign in the argument of K ′ ). In particular, this implies that K ′ + 2χK ′′ > 0 for χ > 0. To obtain a well defined static scalar field profile for any matter density profile requires that W − (y) = yK ′ (−y 2 /2) is monotonically increasing to +∞ over y > 0. In particular, this implies that K ′ + 2χK ′′ > 0 for χ < 0. This automatically means that the static profile is stable to radial fluctuations, which propagate at a speed c s that is greater than c. To ensure a well defined evolution of the scalar field, for any configuration, we must have in addition K ′ + 2χK ′′ > 0 for all χ. Therefore, we find that healthy K-mouflage models should satisfy the conditions:
where χ ± = ±y 2 ± /2 may be finite or ±∞, depending on the domain of definition of K(χ), and over the range 0 ≤ y < y ± ,
This implies in particular that K(χ) cannot be an even function of χ, whereas if K(χ) is odd, or more generally K ′ (χ) is even (which allows for an additive constant that can play the role of the cosmological constant), the constraints arising from the cosmological background and the small-scale static regime coincide.
A typical example that satisfies all these constraints is a cubic form such as K = −1+χ+χ 3 . As compared with the standard kinetic term K = −1 + χ (with the cosmological constant associated with the factor −1), the nonlinearities should not distort too much the shape of the function K(χ) (i.e., avoid oscillations or local maxima) but simply increase the derivative K ′ for large |χ|. DBI-like kinetic functions, with K(χ) ⊃ ± √ 1 ± 2χ, are either ill defined in the cosmological domain, χ > 0 (they cannot follow a matter dominated cosmology at early times), or in the small-scale static domain, χ < 0 (a static profile cannot be defined for high matter overdensities). A possible choice is to use a non-analytic kinetic function, such as K(χ) = − √ 1 − 2χ for χ > 0 and K(χ) = √ 1 + 2χ − 2 for χ < 0. Analytic functions with a similar behavior (i.e., χ is restricted to a finite range, while K ′ > 0, K ′ + 2χK ′′ > 0, and W ± are monotonically increasing to +∞) are for instance K(χ) = arcsin(χ) − 1, with −1 < χ < 1, or K(χ) = tan(χ) − 1, with −π/2 < χ < π/2.
VII. CONCLUSION
We have considered static configurations of K-mouflage models around compact objects. We have found that the dynamics of the Klein-Gordon equation and the convergence to these solutions can only be reached when the potential function W − is monotonically increasing to infinity. This fact is associated to the existence of real characteristic speeds for the Klein-Gordon equation and corresponds to travelling wave perturbations with a speed greater than the speed of light for small perturbations around the static configurations. Such cases include cubic models with a bounded from below Lagrangian, and the wrong-sign DBI + models. When the potential is bounded, and the compact object is screened, no convergence to a static configuration can be attained within the K-mouflage radius where spatial gradients of the scalar field diverge. This is what happens for the DBI − models. Models with multiple extrema in their potential make no sense as the Klein-Gordon equation is not a well-defined hyperbolic equation as characteristic speeds become complex.
On the cosmological side, the potential function W + must also be monotonically increasing to infinity. This implies that K(χ) cannot be even, whereas cosmological and small-scale self-consistency conditions coincide when K ′ (χ) is even.
In addition to these theoretical self-consistency conditions, in order to obtain an efficient screening mechanism for small high-density objects, the kinetic function must satisfy K ′ (χ) → +∞ for large negative χ, or at least reach a very large value so that the fifth force is suppressed by the factor 1/K ′ in the nonlinear regime.
We also note from Eq.(21) that in the general case (i.e., when the density field is not spherically symmetric), the gradient ∇ r ϕ of the scalar field, and the fifth force F ϕ ∝ ∇ r ϕ, are not aligned with the Newtonian force ∇ r Ψ N , because the relationship between ∇ r ϕ and ∇ r Ψ N involves an additional divergence-less field ω that arises from the rotational part of ∇ r Ψ N /K ′ .
Our study shows that it is important to investigate the nonlinear small-scale regime of screened models of modified gravity in order to guarantee that a theory is meaningful. The DBI − example is a prime example here. Indeed it is well behaved on cosmological scales but is meaningless, or at least incomplete, on small static scales. In addition to the properties of the small scale static regime (e.g., checking that a static scalar field profile exists for any matter overdensity), it is important to consider dynamical properties, such as the relaxation of the scalar field. In particular, requiring that the dynamics are well defined for any configuration (i.e., that we obtain a well-defined Cauchy problem) can yield further constraints on the models.
Our results also show that in some cases models that would appear safe in a perturbative approach are actually meaningless, and their flaws are not due to some approximation scheme (e.g., making a quasi-static approximation) but to the nonlinearity of the model that can give rise to complex behaviors (such as the absence of static states or ill-defined Cauchy problems).
Here, we may note that numerical studies of other nonlinear models, involving nonlinear derivative terms, such as the Galileon models, have faced problems as the numerical algorithm encounters complex numbers during the evolution with time [19, 20] . Although this may be due to the quasistatic approximation used in these numerical schemes, the analogy with the K-mouflage models suggests that the problem might be more serious and signal a true shortcoming of these models, that could become ill-defined in some configurations. We leave a detailed study of this point to future work.
Appendix A: Relaxation for top-hat matter density profiles
For completeness, we display in this appendix our results for the relaxation of the scalar field within a fixed matter density background when the latter has a top-hat profile, given by r < R : ρ(r) = ρ 0 , r > R : ρ(r) = 0,
which reads in terms of the dimensionless variables x and η as
(A2) We find behaviors that are similar to those obtained in Sec. V for the case of Gaussian profiles.
a. Relaxation when W−(y) monotonically increases to +∞ As in Sec. V B, we consider the polynomial kinetic function (71), but with the top-hat matter density profile (A1) instead of the Gaussian profile (72). Again, There always exists a static solution, given by Eq.(74). As for the Gaussian profiles, the system relaxes to the static solution, in a smooth manner for large values of R/R K and with transient shocks for small values of R/R K . The discontinuity due to the top-hat profile at radius R leads to a discontinuity for the scalar field secondorder spatial derivative in the final static state (i.e., v = ∂φ/∂x is continuous but has a discontinuous derivative at x = R/R K ). As can be seen from the bottom left panel, the transient shocks are not necessarily located at the radius R of the object (e.g., they are located at a larger radius at τ = 0.5 and 1).
b. Relaxation for the DBI + model
As in Sec. V C, we consider the DBI + kinetic function, but with the top-hat matter density profile (A1) instead of the Gaussian profile (72).
As for the Gaussian profile case, we find that the nonlinearities due to this kinetic function are greater than for the polynomial kinetic function (71) and thus appear at greater values of R/R K . Again, the scalar field relaxes to the static solution at late times, with transient shocks for small R/R K that are not located at the radius R of the object (e.g., at τ = 1 they are located at a smaller radius in the left panels). During the transient stage, the scalar field gradients can reach much greater values than in the static state, especially at small radii. As in Sec. V D, we consider the DBI − kinetic function, but with the top-hat matter density profile (A1) instead of the Gaussian profile (72).
As for the Gaussian case, for large values of R/R K there exists a static solution and the scalar field relaxes towards it at late times in a smooth fashion, while the characteristic speeds remain close to ±1. For small values of R/R K , there is no static solution at radii around the object radius R (i.e., around the maximum of the Newtonian force m(x)/x 2 ), and the scalar field only converges to the static solution on its outer range ]x + , +∞[. At smaller radii the amplitude of the scalar gradients keep increasing with time while shocks appear. 
